The manifestly gauge invariant formulation for free symmetric partially massless fields in (A)dS d is given in terms of gauge connections and linearized curvatures that take values in the irreducible representations of (o(d − 1, 2)) o(d, 1) described by two-row Young tableaux, in which the lengths of the first and second row are, respectively, associated with spin and depth of partial masslessness.
Introduction
An interesting property of massive higher-spin (HS) fields in spaces with nonzero curvature like de Sitter (dS) and anti-de Sitter (AdS) is that for certain values of the parameter of mass, the HS field equations acquire gauge invariance. This phenomenon was originally discovered by Deser and Nepomechie in [1] and investigated further in [2] - [8] . The special values of the mass parameter are scaled in terms of the curvature of the background space. The first special value of the mass corresponds to the usual massless fields with the richest gauge symmetries. The other special values correspond to different fields called partially massless fields. A gauge transformation law of a partially massless field has less parameters but more derivatives compared to the massless fields. A number of degrees of freedom carried by a partially massless field is intermediate between the massless case (two for s > 0 in 4d) and the massive case (2s + 1 in 4d). In the flat space limit all special values of the mass shrink to zero so that one is left with the usual massless fields, i.e. partially massless theories do not exist in Minkowski space.
In AdS d space-time, the phenomenon of partial masslessness has clear interpretation in terms of representations of the AdS d algebra o(d −1, 2). Namely, a space of single-particle states of a given relativistic field with the energy bounded from below forms a lowest weight o(d−1, 2)-module, |E 0 , s . Its lowest weight is defined in terms of the lowest energy E 0 and spin s associated with the weights of the maximal compact subalgebra o(2) ⊕ o(d − 1) ⊂ o(d − 1, 2). For quantum-mechanically consistent fields, the modules |E 0 , s correspond to unitary representations of o(d − 1, 2) that requires in particular E 0 ≥ E 0 (s) where E 0 (s) is some function of the spin s found for the case of d = 4 in [9] and for the general case in [10] (see also [11, 12, 13, 14, 15] ). At E 0 = E 0 (s) null states appear that form a submodule to be factored out. These signal a gauge symmetry of the system. The corresponding fields are the usual massless fields. Modules with lower energies E < E 0 (s) correspond to nonunitary (ghost) massive fields. At certain values E i (s) of E the corresponding nonunitary module may contain a submodule that again signals a gauge symmetry in the fieldtheoretical description. Such modules correspond to the partially massless fields. Unfortunately, the lack of unitarity [8] makes their physical applications problematic in the AdS case.
In the dS d case with the symmetry algebra o(d, 1) the analysis is different because it admits no unitary lowest weight (i.e., bounded energy) representations at all. Relaxing the concept of bounded energy, it is possible to have unitary partially massless fields in that case [2, 4, 8] .
In this paper we address the question what is a frame-like formulation of the symmetric partially massless fields, that generalizes the frame-like formulation of ordinary symmetric massless fields elaborated in [16, 17, 18, 19] . Such a reformulation operates in terms of a gauge field (connection), that takes values in some module of the (A)dS d algebra and makes gauge symmetries of the system manifest allowing to write down manifestly gauge invariant geometric actions. As shown in [19] , usual massless fields in (A)dS d are described by a 1-form connection, which takes values in a finite-dimensional o(d−1, 2)-module spanned by traceless tensors of o(d−1, 2) that have a symmetry of a two-row rectangular Young tableau of length s − 1,
The main result of this paper is that partially massless symmetric gauge fields are analogously described by 1-form connections which are o(d − 1, 2)(o(d, 1))-tensors that have the symmetry properties of a two-row Young tableaux with the first row of a length s − 1 and the second row of an arbitrary length t = 0, 1 . . . s − 1,
. Since the gauge fields of the frame-like formalism are interpreted as connections of a non-Abelian HS algebra of a full HS system, the results of such a reformulation may be useful to rule out algebras incompatible with unitarity by requiring that physically relevant algebras considered as o(d−1, 2)-modules under its adjoint action should not contain the modules associated with (nonunitary) partially massless fields. (Note that, as shown in [19] , [20] , gauge fields associated with true massless fields in AdS d carry o(d − 1, 2) indices of various o(d − 1, 2)-modules described by Young tableaux, that have first two rows of equal lengths.) Although in this paper we consider integer spins, our approach admits a straightforward extension to fermions.
The layout of the rest of the paper is as follows. In Section 2 we recall the metriclike formulation of massive, massless and partially massless fields. The frame-like formalism for massless HS fields is recalled in Section 3. The main results of our approach are presented in Section 4 and then illustrated in Section 5 by the spin-2 and spin-3 examples. Possible further developments are discussed in Section 6. Notation and Young tableau conventions are collected in appendices.
Metric Formalism for Free Higher-Spin Fields
In this section we summarize known results on the description of massive, massless and partially massless HS fields, which are relevant to our analysis.
Massive higher-spin fields
A massive spin-s totally symmetric field in the flat Minkowski space can be described by a rank-s symmetric tensor field φ {s} m 1 ...m s (x) that satisfies the equations [21] which form a complete set of local Lorentz-invariant conditions that can be imposed on φ {s} . The first equation of (2.1) is the mass-shell condition. The third condition, that the field φ {s} is traceless, is an algebraic constraint. As pointed out by
Fierz and Pauli in the pioneering paper [22] , the second condition, which is a differential equation, can be derived for s > 1 from a Lagrangian without introducing new degrees of freedom by adding auxiliary fields that are expressed in terms of (derivatives of) the dynamical fields by virtue of equations of motion. For totally symmetric massive fields of integer spins, the lagrangian formulation with a minimal set of auxiliary fields was worked out by Singh and Hagen in [23] . For a spin s they introduced the set of auxiliary fields that consists of symmetric traceless tensors of ranks (s − 2), (s − 3), . . . 0. For example, to describe a spin-2 field, one auxiliary scalar field is needed. It can be identified with the trace of a traceful rank-2 field φ mn satisfying the Fierz-Pauli equation
and
From the equation (2.4) it follows that, if m 2 = 0, φ is traceless (i.e., the auxiliary field is zero on-shell). Then from (2.3) it follows that ∂ · φ = 0. If m 2 = 0, the equation (2.3) expresses Bianchi identities which manifest the spin two gauge symmetry. Let us note that it is important that the higher-derivative part of the massive equations is the same as for the massless fields just to make it possible to express the auxiliary fields in terms of the dynamical fields by virtue of algebraic constraints, that would not be possible for a different choice of the coefficients in front of the second derivative terms in (2.2) . This means that, for a different choice of the coefficients, the corresponding equations describe a dynamical system with the propagating trace field, that possesses more degrees of freedom. A similar argument will play crucial role in the subsequent analysis of a proper action for a partially massless field. Note that equivalent dynamical systems can be formulated with the aid of different sets of auxiliary fields. Particularly useful approaches to massive fields with different sets of auxiliary fields include the gauge invariant formulation of [5] and the BRST approach of [24, 25] .
Massless higher-spin fields
The free action for a symmetric massless field of an arbitrary integer spin in the flat Minkowski space was obtained by Fronsdal [26] . A symmetric spin-s massless field is described by a totally symmetric double traceless tensor field
The equations of motion
are invariant under gauge transformations
with a gauge parameter ξ {s−1} (x) being a symmetric rank-(s − 1) traceless tensor field. The gauge invariant Lagrangian is
Note that alternative metric-like formulations of symmetric massless HS fields were also developed in [25, 27, 28] .
Partially massless fields
The (A)dS d space is described by a metric g mn satisfying the equation 8) where R mn,pq is the Riemann tensor where the normalization of the cosmological constant is chosen as in [4, 5] . Λ is (negative)positive for (anti-)de Sitter space.
Later on we will use the notation
, where λ −1 is the (A)dS d radius.
The approach of Deser and Waldron
In this subsection, we consider the case of d = 4 following to [4] . To illustrate the effect of partial masslessness let us start with the simplest example of spin two. The deformation of the massive field equation (2.2) to (A)dS d is achieved by the addition of some mass-like terms proportional to Λ along with the replacement of the flat derivatives by the covariant ones D associated with g mn .
The (A)dS d deformation of the equation (2.2) is
where we use the notation of Deser and Waldron [4] 
The equations (2.3) and (2.4) modify to
11)
One observes that, for the critical value m 2 = 2 3
Λ, φ ′ cannot be algebraically expressed in terms of the other field and the equation (2.12) becomes Bianchi identity signaling the appearance of a gauge invariance which is
with a scalar gauge parameter ξ. This invariance kills the helicity zero degree of freedom leaving spin polarizations ±1, ±2. Note that although φ ′ cannot be expressed in terms of the other field, this does not imply the appearance of extra degrees of freedom because it is pure gauge. At m = 0, (2.11) is the Bianchi identity of the usual spin-2 massless theory in
A spin-3 massive field requires a scalar auxiliary field χ and an auxiliary vector, which combines with a rank-3 traceless field into a rank-3 traceful tensor φ mnk . The equations of motion of the massive spin-3 field φ mnk are [4] 
14)
The following identities hold
17) In this case, the system decomposes into two independent subsystems: massless spin three with two spin projections ±3 is described by the Fronsdal field φ and massive spin zero is described by χ.
Λ, (2.18) becomes the Bianchi identity associated with the gauge invariance with the rank-1 gauge parameter ξ {1} , which has the form
This model describes a field with spin projections ±2, ±3. At m 2 = 2Λ, (2.19) becomes the Bianchi identity that manifests the gauge invariance with the scalar parameter ξ For general spin s, the full set of fields contains a rank-s double traceless field along with the traceless fields of ranks from 0 to s − 3. As argued in [4] , there exist s critical masses m t 2 (t = 0, 1, ..., s − 1) and the following properties are true for
• The equations of motion are invariant under the gauge transformation
with s − t derivatives and a rank-t traceless gauge parameter ξ {t} .
• A rank-t traceless combination of the equations of motion becomes the Bianchi identity.
• The physical spin projections are ±(t + 1), . . . , ±s plus decoupled lower spin massive fields.
The approach of Zinoviev
A useful approach to the description of massless, massive and partially massless fields in (A)dS d was proposed by Zinoviev in [5] . The Zinoviev's lagrangian is the sum of the covariantized Fronsdal's lagrangians L s cov (2.7) (with flat derivatives replaced by the covariant ones) for the set of spin-k massless fields φ {k} with k = 0 . . . s plus some lower-derivative terms, i.e.
where
The coefficients in △L s are fixed by the condition that L s is invariant under some gauge transformations of the form
with rank-k traceless gauge parameters ξ {k} (k = 0, 1, ..., s−1). The gauge invariance condition expresses all the coefficients in terms of one free mass parameter m 2 .
For generic m 2 , the lagrangian (2.24) describes a spin-s massive field. In that case all gauge symmetries are Stueckelberg (i.e., algebraic for some of the fields 
which obey the equations 
where C a(n),b(m),..., (x) is an arbitrary Lorentz tensor field. As a consequence of (3.2), one obtains
Let us now recall how this approach extends to massless HS fields in flat and (A)dS spaces. The generalization to HS massless fields in the Minkowski space [16] , and
, respectively. In these terms the gauge invariant action can be written in the following simple form
(3.6) It is easy to check its gauge invariance, although it is not manifest.
Further analysis [17, 18] shows that, both in Minkowski and in (A)dS d cases, HS fields are conveniently described by a set of 1-forms ω m a(s−1),b(t) , t = 0, 1, ..., s − 1, possessing the symmetry properties of the two-row traceless Young tableaux 
The first two components combine into the Fronsdal field: a rank-s double traceless tensor decomposes into traceless tensors of ranks s and (s − 2). The last component is Stueckelberg. It is gauged away by the traceless gauge parameter ξ a(s−1),c that has the same symmetry type. As a result only the gauge parameter ξ a(s−1) is left and (3.7) gives rise to the Fronsdal gauge transformation law (2.6).
The gauge transformations of the other connections have the form
where a s,t (d) are some coefficients and the projector P restores the tracelessness and the proper Young symmetry. All the parameters ξ a(s−1),b(t) with t > 0 are Stueckelberg, eliminating some components of the connections. The field-strengths, which have analogous form . A length t of the second row of the Young tableau associated with a particular connection equals to the highest order of derivatives of the dynamical field in the resulting expressions for the higher connections
For example, in the spin-2 case, the field ω a,b is the Lorentz connection. It is expressed in terms of the first derivatives of the dynamical field, the vielbein e a . The field ω a(s−1),b is analogous to the Lorentz connection and is called auxiliary. The condition that the free action contains at most two space-time derivatives of the dynamical field is equivalent to the extra field decoupling condition that requires the variation of the free action with respect to the extra fields to vanish identically
The extra field decoupling condition fixes the coefficients a q modulo a spin-dependent normalization factor. The resulting action is manifestly gauge invariant by (3.11), containing just two derivatives of the dynamical field upon excluding the auxiliary field by virtue of its equation of motion. As such, it is equivalent to the Fronsdal action in AdS d . (In fact, the free action for massless fields in AdS d for any d was originally obtained in this form in [18] ).
(A)dS d covariant approach
The equations (3.1) and (3.2) are equivalent to the zero-curvature condition for the
For definiteness, let us consider the AdS d case of o(d −1, 2). The Lorentz connection and frame 1-form are identified as
• denotes the extra time value of the o(d − 1, 2) vector index compared to the o(d − 1, 1) vector index. (For more detail see Appendix A.) The dimensionful constant λ to be identified with the inverse (A)dS radius is introduced to make the vielbein dimensionless. The curvature R = dW 0 + W 0 2 decomposes as R = 
As shown by MacDowell and Mansouri [29] , modulo the topological GaussBonnet term, the action
in d = 4 describes Einstein gravity with the cosmological term. The case of arbitrary d was discussed in [19] where it was shown in particular that this action still describes a massless spin two field at the linearized level although differs from the pure Einstein action with the cosmological term at the nonlinear level (for more detail see also [30] ). A covariant generalization of the MacDowell-Mansouri approach proposed by Stelle and West [31] is achieved by introducing a compensator field V A (x) that has a fixed norm
and carries no physical degrees of freedom. A sign (+)− corresponds to the (A)dS case. The Lorentz algebra
is identified with the stability subalgebra of the compensator. The vielbein and spin connection admit the covariant definition
As a consequence of (3.19) and (3.18) the vielbein is orthogonal to the compensator
and the Lorentz covariant derivative of the compensator with respect to the spin connection (3.20) is zero
A convenient gauge choice, referred to as standard gauge, which breaks local o(d − 1, 2) down to the local Lorentz algebra, is
with the compensator vector pointing along the extra (d+1) th direction. In the standard gauge, the nonzero components E a of E A are identified with the the vielbein e a .
The idea of the approach to the description of HS gauge fields proposed in [18, 19] was to replace the (A)dS d isometry algebra h = o(d − 1, 2) or o(d, 1) by some its extension g called HS symmetry algebra in such a way that the dynamics of massless HS fields is described in terms of the connection 1-forms of g similarly to as gravity is described by the connections of o(d, 1) (o(d − 1, 2)). Note that g turns out to be infinite-dimensional.
The free field approximation results from the following perturbative expansion. A zero-order vacuum (background) field ω 0 takes values in h ⊂ g, i.e. it identifies with the 1-form W
. It is required to satisfy the zero-curvature equation for h thus describing (A)dS d space-time (or Minkowski in the flat limit).
ω 1 describes first-order fluctuations of the fields of all spins including gravity. The HS field strength is
25)
Here [ , ] is the Lie product of g. Since h ⊂ g, the zero-order part of the curvature of the full HS algebra g is zero R 0 = 0. The first-order part is R 1 = D 0 ω 1 , where D 0 is the background covariant derivative built of the connection ω 0 . Since D 0 2 = 0, R 1 is invariant under the linearized gauge transformations 27) where ξ is an arbitrary gauge parameter that takes values in g. This is the linearized HS gauge transformation. Any action constructed in terms of R 1 is therefore automatically HS gauge invariant at the linearized level.
In the known cases, g decomposes into an infinite direct sum of finite-dimensional h-modules under the adjoint action of h ⊂ g. Gauge fields ω s 1 , corresponding to different irreducible submodules labeled by the integral weights s of h, describe fields of different "spins" s. In other words, the connections ω s 1 take values in irreducible tensor h-modules.
As an example, a spin-s symmetric massless field in (A)dS d can be described [19] .
(3.28)
The field strength R
is gauge invariant by virtue of D 0 2 = 0.
To make contact with the analysis of [18] explained in Section 3.1 one observes that the h-module
. In particular the vielbein-like field and the Lorentz connection-like auxiliary field are
(3.31) In the o(d − 1, 2) covariant approach, a general P -even HS gauge invariant action is
. The coefficients b s q are fixed [19] modulo an overall factor
by the condition that the variation with respect to the fields contracted with less than s − 2 compensators is identically zero
where Π L is the projector to the V A -transversal part of a tensor. By virtue of (3.31), this condition is equivalent to the extra field decoupling condition (3.13). As a result, modulo total derivatives, the action depends only on the vielbein-like and Lorentz connection-like fields (3.31) being free of higher derivatives. Now we are in a position to apply this approach to the description of partially massless fields. For more detail on the HS gauge theory we refer the reader to [32, 30] . 
Summary of results
Our main result is that a free partially massless field of spin-s and depth-t can be described by a gauge field W
A(s−1),B(t) {1}
, which has the symmetry of two-row traceless In the rest of this section we sketch the main results of our analysis leaving some details of their derivation to a later publication [33] , where it will be shown in particular, that all gauge symmetry parameters ξ
are Stueckelberg (i.e., analogous to the Lorentz symmetry parameters in the case of gravity) except for the parameter which
since the symmetrization over any s indices of ξ
gives zero. By dynamical fields we mean those which are neither pure gauge (i.e., Stueckelberg) nor auxiliary (i.e. to be expressed in terms of derivatives of the other fields by virtue of constraints). The dynamical fields in the system with t < s − 1 are [33] traceless symmetric tensors φ a(s) , φ a(t) and φ a(t−1) (the latter field is absent for 6) where Π [] is a projector to the traceless part,
and φ a(t) is a linear combination of the form
(4.8) Note that the fields φ a(t) and φ a(t−1) are automatically traceless (cf. (4.5)).
The gauge transformation law for the field φ a(s) is
It coincides with the transformation law (2.23) for partially massless fields found by Deser and Waldron [4] and Zinoviev [5] . Gauge invariant combinations of derivatives of the dynamical fields that are nonzero on-shell we call generalized Weyl tensors. In practice, to find generalized Weyl tensors, one should set to zero as many components of the gauge invariant field strengths as possible by imposing constraints that express auxiliary fields in terms of derivatives of the dynamical fields (these generalize the zero-torsion condition in gravity). Other components of the gauge invariant field strengths are zero by virtue of the field equations (these generalize the Einstein equations in gravity). Some more vanish by virtue of Bianchi identities applied to the former two (e.g., the cyclic part of the Riemann tensor in gravity is zero by virtue of the Bianchi identity applied to the zero-torsion condition). What is left nonzero are the generalized Weyl tensors.
In 
(A)dS d covariant action
Free gauge invariant action functionals are easily constructed in terms of the gauge invariant linearized curvatures in the form 10) where the ranges of summation are hidden in the definitioñ
The parameters s and t, which determine a field type, are fixed. Different choices of the coefficients b s,t k,m lead to different gauge invariant dynamical systems. To simplify formulae, the range of summation over the indices k and m in (4.10) is chosen so that the terms with k > s − t − 1 are not independent, being expressible via linear combinations of terms with smaller k because the symmetrization over any s tangent indices of the HS curvatures gives zero.
Generally, different gauge connections that enter the curvatures in (4.10) are independent fields, which may carry their own degrees of freedom. Alternatively, all connections can be expressed in terms of (derivatives of) certain dynamical fields by virtue of imposing constraints that generalize the zero torsion condition in gravity and require some components of the field strengths to vanish. Plugging the resulting expressions back into the action gives rise to a gauge invariant higher derivative action, which may again describe a system with extra degrees of freedom. To avoid these unwanted degrees of freedom, the coefficients in the action (4.10) should be adjusted so that, in the flat limit, the action should amount to the sum of free massless actions for spins from t + 1 to s in agreement with the construction of Zinoviev discussed in Section 2.3.2. It turns out that for the models with t > 1 this is achieved by imposing the extra field decoupling condition and generalizes (3.34) to partially massless fields. Using
the symmetry properties of the field strength, the Bianchi identities (4.3), the definition of the frame (3.19) along with its consequence D 0 E A = 0 and the identities
which manifest the fact that the antisymmetrization of d + 2 indices, which take d + 1 values, is zero, we obtain
The extra field decoupling condition (4.13) demands most of the terms in the variation (4.17) to vanish. This is achieved by virtue of imposing the following conditions on the coefficients 
The remaining nonzero part of the variation of the action is
As explained in Section 4.3, the coefficients (4.19) guarantee the consistency of the flat limit, which is in agreement with the construction of Zinoviev. For the massless case of t = s − 1, the variation reduces to that of the action (3.32) [19] .
The partially massless cases with t = 0 and t = 1 are special. In the case of t = 1, the variation of the action is
The extra fields decoupling condition (4.13) is not applicable for this case and the coefficients are fixed directly from the requirement of consistency of the flat limit. As explained in Subsection 4.3, upon an appropriate rescaling, the first term in (4.21) tends in the flat limit to the sum of variations of massless actions for spins from (t + 1) to s, while the second term diverges. The correct flat limit therefore requires the second term to be zero that fixes b 
Lorentz covariant formulation
The practical analysis of the field content of the model under consideration is more illuminating in terms of the Lorentz irreducible components of the fields. .24) i.e., in terms of Lorentz tensors, the partially massless theory of spin-s and depth-t is described by 1-forms ω
≡ ω {k, l} with k = t, ..., s − 1, l = 0, 1, ..., t.
The field strengths have the following structure
The operators σ
1,2
± have the form
where g(k, l), G(k, l), f (k, l) and F (k, l) are some coefficients, which can be either derived from the covariant field strengths (4.2) or obtained directly from the condition of the gauge invariance of R
. Their explicit form is given in Appendix C. (For more detail see [33] ).
A general P -even o(d − 1, 1)-covariant gauge invariant action has the following form in terms of Lorentz covariant field strengths 30) where the coefficients a s,t k,m remain to be determined. This lagrangian generalizes to partially massless fields that introduced in [18] for massless fields (t = s − 1).
Let us introduce the inner product The normalization coefficients g k,l , G k,l , f k,l and F k,l are chosen so (see Appendix C) that the operators σ It is satisfied with Upon the rescaling In the flat limit λ → 0, terms that mix different k tend to zero and the field strengths take the form of the flat space field strengths for usual massless fields [18] R a(k)
As a result, for t > 1, the extra field decoupling condition (4.36) guarantees that the flat limit of the action (4.30) is a sum of free actions for massless fields of spins from t + 1 to s which is in agreement with the construction of Zinoviev [5] . The totally symmetric parts ω a(k)|a of ω m a(k) , k = t, ..., s − 1 identify with the double traceless Fronsdal fields used by Zinoviev.
As will be explained in more detail in [33] , for λ = 0, all fields, that are not pure gauge, can be expressed in terms of derivatives of the dynamical fields φ a(s) , φ
and φ a(t−1) by virtue of constraints R a(k) = 0, R a(k)m|a m = 0, which are particular field equations. As discussed in Subsection 2.3.1, within the approach of Deser and Waldron [4] , the constraints result from the divergences of field equations. Note that the reduction of a number of fields compared to those of the approach of Zinoviev does not imply the reduction of a number of degrees of freedom because, as a result of resolution of constrains, the action expressed in terms of the dynamical fields contains higher derivatives for a general partially massless system.
In the special case of t = 1, where the extra field decoupling condition (4.36) does not apply, the variation of the action (4.30) in terms of the rescaled variables To 37) is still true. The remaining variation reduces in the flat limit to that of the sum of actions for massless fields of spins from 2 to s.
Examples
In this section the proposed approach is illustrated by the simplest examples of spin-2 and spin-3 partially massless fields.
Spin-2
Let us consider the model with s = 2, t = 0. The corresponding gauge field is a 1-form W A {1} with the gauge transformation law
The gauge invariant field strength
satisfies the Bianchi identity
The Lorentz reduction of the (A)dS d vector gives two Lorentz irreducible representations • ⊕ , i.e. 4) where the rescaling of the first component by λ is introduced for the future convenience. The gauge transformation law (5.1) gives
From the form of the variation (5.5) it follows that ω m can be gauged fixed to zero
by
Substituting this into the gauge transformation law (5.6) we obtain
The field ω a|b = ω m a e bm decomposes into ⊕ ⊕ •, i.e. into antisymmetric part = ω [a|b] and traceful symmetric part ⊕ • = ω (a|b) with the scalar trace field
. In these terms the gauge transformation law (5.6) reads
We see that ω [a|b] is gauge invariant while h ab ≡ ω (a|b) transforms as a partially massless spin-2 field. The field strength (5.2) reduces to
In the gauge (5.7) we have
The field strength R mn has only one irreducible component, . The field strength
m . From (5.12) we see that it is possible to impose the gauge invariant constraint
which gets rid of the auxiliary field ω [a|b] . Note that analogous constraints express auxiliary fields via derivatives of the other fields in more complicated systems. The Bianchi identities (5.3) reduce to
From (5.13) it follows
The first identity implies that the totally antisymmetric component of the field strength R nk a is zero. The nonzero part of the field strength R A {2} is therefore contained in
Since the gauge invariant tensor C [ab],c contains the first derivatives of the physical field h aa , it is possible to impose the following second order equations of motion with the same structure of indices as that of h
This equation is equivalent to
By construction, it is gauge invariant under (5.10) for arbitrary α, β and γ. The condition that the flat limit should give the massless field equations in Minkowski space, which is equivalent to the requirement that the massless field gauge symmetry restores in the flat limit, fixes the coefficients up to an overall factor α = a/2, β = a/2, γ = a. The resulting equations follow from the lagrangian 18) equivalent to the lagrangian (4.23) at s = 2. The explicit expression in terms of h
Thus, the s = 2, t = 0 model of Section 2.3 is demonstrated to describe properly the partially massless spin-2 theory of Deser, Waldron [4] and Zinoviev [5] . Note that, in agreement with the general analysis of Section 4, because of the lack of indices carried by the field strength 2-form in the degenerate case of t = 0, the lagrangian of this model is formulated in terms of the tensor C
[mn],a rather than in terms of the exterior product of the field strength 2-forms as for t > 0 systems.
Spin-3
The case of spin-3 admits partially massless fields either with t=0 or with t = 1. The case of t = 0 is analogous to that considered in Section 5.1 for spin-2 and will not be discussed here. The more interesting case of s = 3, t = 1 partially massless field reveals main features of a general partially massless theory. Let us introduce the following notation for the gauge parameters
The fields ω m a , ω m ab , ω m a,c , ω m ab,c and the corresponding field strengths are defined analogously. In these terms the gauge transformation laws read
The decomposition of the fields into irreps of the Lorentz algebra o (d − 1, 1) , that acts diagonally on the fiber indices a, b, c . . . and the base indices m, n . . ., is as follows
(5.27)
Explicit expressions are given here for those components, which appear in the subsequent analysis; the labels 1, 2 distinguish between different components of the same symmetry type.
From (5.23) it follows that the components and of ω m a and 1 of ω m a,c can be gauged fixed to zero by the Stueckelberg gauge parameters ξ a,c , ξ ab and ξ ab,c . We therefore set
This gauge is not complete. In the leftover gauge transformations, that leave invariant the gauge conditions, the parameters ξ a,c , ξ ab and ξ ab,c are expressed in terms of derivatives of ξ a , which is the only non-Stueckelberg gauge parameter. The gauge transformation law of the component φ aaa has the form (2.21) of the spin-3 partially massless theory, i.e. φ aaa identifies with the dynamical field φ of Deser and Waldron.
The field strengths have the form
Let us consider which gauge invariant conditions can be imposed on the fields by setting to zero some of components of the field strengths. These may include either constraints, that express auxiliary fields in terms of derivatives of the dynamical fields, or impose differential field equations on the dynamical fields. The simplest constraint is R mn a = 0. Taking into account the gauge conditions
The constraint (5.32) can be used to express the auxiliary field ψ 2 a in terms of ψ 1 a and the first derivative of the scalar field χ. The constraint (5.31) in the gauge (5.28) implies that the hook-symmetry parts of ω ab and ω a,b are zero. As a result one is left with traces χ, ψ 2 a of ω a , ω ab , with the totally symmetric component φ aaa of ω a,b , with its trace ψ 1 a and the field ω ab,c , which has not been yet considered.
Let us now impose the condition R mn a,b = 0. It implies that 35) which is the dynamical equation on φ and its trace ψ 1 .
The condition R mn ab = 0 in the gauge (5.28) sets to zero the component of ω ab,c and Π R (am|a)
while R st st = 0 imposes the equation
Using (5.32) to exclude ψ 2 a , we obtain 
(5.39) In terms of Lorentz components rescaled according to (4.39), its variation turns out to be
To have correct flat limit we set γ = 0. As a result a 2 = 
Discussion
In this paper, partially massless fields in (A)dS space studied in [1] - [8] are shown to admit a natural formulation in terms of gauge 1-forms that take values in irreducible tensor representations of the algebra (o(d, 1))o(d−1, 2), described by the various tworow Young tableaux. The case of rectangular two-row Young tableaux corresponds to the massless fields [19] . Different non-rectangular Young tableaux correspond to different partially massless fields. The manifestly gauge invariant free lagrangians are bilinears of gauge invariant field strengths. One of the applications of the obtained results is that they impose strong restrictions on possible HS algebras. Actually, since partially massless fields in AdS d correspond to non-unitary representations of o(d − 1, 2), for a HS theory in AdS d to be unitary, it should be free of gauge fields associated with partially massless fields. This means that a HS algebra g considered as a o(d − 1, 2)-module with respect to its adjoint action in g should not contain submodules described by the corresponding Young tableaux. This condition is indeed satisfied in the case of HS algebras underlying HS theories of totally symmetric fields [14] . The simplest example of a HS algebra, which is associated with the supersymmetric extension of the theory of symmetric HS fields studied in [14] , also satisfies this condition. It should be true however for any other unitary HS theory including those that contain generic mixed symmetry fields [34] , [35] , [36] , thus imposing nontrivial restrictions on a structure of a HS algebra and, therefore, on the spectra of HS gauge fields that may appear in consistent HS gauge theories.
It would be interesting to extend the results of this paper to the case of general mixed symmetry partially massless bosonic and fermionic fields, firstly discussed in [36] . Taking into account the results of [20] , where it has been shown that massless fields of a general symmetry type are described by p-form gauge fields that carry a representation of o(d − 1, 2) described by a Young tableau with at least p + 1 cells in the shortest column, it is natural to conjecture that partially massless fields as well as the "nonunitary massless fields" with the gauge parameters ruled out in [10] are described in terms of p-form gauge fields that are o(d − 1, 2) -modules depicted by Young tableaux with at most p cells in the shortest column. The analysis of this problem, that we leave for a future publication, will provide the full list of unitary and non-unitary free HS models described by gauge p-form fields that take values in various finite-dimensional o(d − 1, 2) -modules. 
where the hatted index has to be omitted.
A.2 Condensed Notation
The traceless part of a tensor T is denoted 
B Appendix B: Young tableaux
A Young tableau {n i } (i = 1, 2, ..., p) is a set of positive integers such that n i ≥ n j > 0, i > j. It can be depicted as a collection of rows of length n i . A scalar is symbolized by •. Different symmetry types of tensors are characterized by Young tableaux. One can use different bases in the vector space of tensors of a given type. The one we mostly use in this paper is that with explicit symmetrizations. Alternatively, one can use the antisymmetric basis, which is used in particular in Section 5.2 of this paper. (For more detail, see e.g. [30] .)
Since the metric and the Levi-Civita tensor ǫ A 1 ...A d are invariant tensors of the algebra o(r, q), to single out its irreps the tracelessness condition, the condition that the height of any column does not exceed d/2 and, for even d and appropriate signature, the (anti)selfduality condition has to be imposed on the tensor representations associated with Young tableaux that have at least one column of height d/2.
The decomposition of the tensor product of any irrep of sl d with its vector representation admits a natural description in terms of Young tableaux. Namely, it contains all tableaux that can be obtained by adding a box to a given Young tableau. For example,
In the case of o(r, q), Young tableaux are associated with traceless tensors of one or another symmetry type. The tensor product decomposition results from either adding or cutting one box in various ways. The cutted diagrams result from traces between the tensor product factors. For example, the o(r, q) decomposition analogous to (B. 
C Appendix C: Coefficients
The final result is 
